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The electronic structure of Zr2Al with the N&In-type structure has been calculated by the method of 
W. Kohn and N. Rostoker (Phys. Rev. 91, 1111 (1954)). The results include densities of states, both 
total and partial, and resolved according to the angular momentum quantum number, and calculated 
electron densities presented so as to display directional bonding characteristics of electrons in the 
valence and conduction regions of energy. It is concluded that: (1) the principal bonding involves 
aluminum s-type orbitals; (2) the aluminum p-type orbitals are principally nonbonding; and (3) the 
metallic interactions are principally between zirconium atoms. 6 1985 Academic press, hc. 

Introduction 

The understanding of electronic interac- 
tions in early transition-metal, solid, binary 
compounds has been greatly enhanced by 
recent calculations of the band structures 
of compounds with elementary structure 
types (1-3). Because the early transition- 
metal aluminides are of technological inter- 
est owing to their refractory and corrosion- 
resistant nature, it was decided to 
undertake a similar calculation for a zirco- 
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nium aluminide. A second motivation for 
examining the electronic structure of a zir- 
conium aluminide was the general observa- 
tion that the stoichiometries and structures 
of zirconium aluminides are quite unlike 
those of other main-group compounds with 
zirconium, such as the sulfides. This obser- 
vation suggests differing roles for the main 
group element orbitals in forming chemical 
bonds, a difference that is amenable to the- 
oretical analysis. The results of this study 
show that, on the microscopic level, the dif- 
ference is associated with the relative im- 
portance of s and p electrons in valence in- 
teractions . 

Zr&l was selected for study for several 
reasons. First, ZrzAl is a reasonably stable 
high-temperature material (4), being some- 
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TABLE I 

Lattice constants 

Muffin-tin sphere radii: 

Zr(l)-Al distances 
Zr(l)-Zr distances 

Zr(2)-Al distances 

Zr(2)-Zr distances 
Al-Zr distances 

% Filling of unit cell 
by muffin-tin 
spheres 

a = 489.4 pm 
c = 592.8 pm 
Zr: 148.4 pm 
Al: 127.0 pm 
318.7 pm (6x) 
2%.4 pm (2x) 
318.7 pm (6x) 
282.2 pm (3x) 
2%.4 pm (2x) 
318.7 pm (6x) 
318.7 pm (6x) 
282.2 pm (3x) 
2%.4 pm (2x) 

58.58% 

what typical of the zirconium aluminides. 
Second, the band structure of ZrS has been 
previously studied in two crystalline modifi- 
cations (5), making possible a comparison 
of the roles of Zr in the sulfides and 
aluminides. Finally, ZrzAl has a simple 
structure type, the NizIn-type, which is a 
structure type that is obtained from the 
NiAs-type by filling the trigonal-bipyrami- 
dal holes. Since the electronic structures of 
NiAs-type compounds have been exten- 
sively discussed and have been the subject 
of some recent band-structure calculations 
(6), it is of interest to calculate the elec- 
tronic structure for a NizIn-type material 
for comparison purposes. 

Calculations 

The electronic structure was calculated 
by the Koninga-Kohn-Rostoker (KKR) 
method (7). The muffin-tin potential was 
obtained from the superposition of atomic 
charge densities calculated by the self-con- 
sistent Hat-tree-Fock-Slater method using 
a variation of the Herman and Skillman 
program (8). The procedure followed is that 
developed by Mattheiss (9). The crystal po- 
tential was taken to consist of a Coulombic 
component, the spherical part of the combi- 

nation of atomic Coulombic potentials (IO), 
and an exchange component calculated us- 
ing Slater’s free-electron exchange (II). 

The wavefunctions and eigenvalues were 
determined by the Green’s function method 
using the Ames Laboratory KKR programs 
based upon the discussion of Ham and Se- 
galI (12). The input information for the 
KKR calculations is summarized in Table I. 
The unit cell contains two formula units ar- 
ranged as shown in Fig. 1. 

Within each muffin-tin sphere the wave- 
function corresponding to the eigenvalue E 
at the Brillouin zone (BZ) point k is ex- 
panded in spherical harmonics as 

where L is an index representing the angu- 
lar momentum components (I,m), fr is a so- 
lution to the radial Schrodinger equation, 
and CL is an expansion coefficient. The 
expansion included spherical harmonics 

FIG. 1. The Zr&l (N&In-type) structure. Top: view 
along the c axis, large circles indicate the Zr positions, 
small circles indicate the Al positions, shaded circles 
at z = 1, open circles at z = 0. Bottom: view of the 110 
plane, c axis vertical. 
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through 1 = 2 within the Zr spheres and 
through I= 1 in the Al sphere. The calcula- 
tion was nonrelativistic and nonself-consis- 
tent. The wavefunctions and eigenvalues 
were calculated for 63 general k points and 
6 high-symmetry points in the unique & of 
the Brillouin zone. The calculations were 
carried out for 18 bands in the energy range 
between 0 and 1.2 Ry (1 Ry = 13.6 eV>. 

The electronic density of states (DOS) is 
given 

N(E) = I,, d3k6(E(k) - E). 

One way to calculate the DOS for a finite 
sample of points in the BZ is to use a histo- 
gram technique. In this procedure the num- 
ber of eigenvalues between the energies of E 
and E + AE are counted for all points in the 
BZ. In practice, since our sample is re- 
stricted to the unique or irreducible unit of 
the BZ (the IBZ), the DOS takes the form 

N(E) = c w(k) 

where the weight, W, is determined by the 
number of points in the star of k. 

The angular decomposed DOS is calcu- 
lated similarly. The angular decomposed 
DOS defined for a particular angular mo- 
mentum 1 in a particular muffin-tin sphere 
by 

N/(E) = I,, d3kQ/W)Wk) - E) 

where 

In the histogram procedure, the integral is 
replaced by the sum 

NICE) = k;z Qr(w3W). 
E 

s%(k)sE+Ac 

In the present calculation AE was 2mRy. 

zcl.00 I I I 1 1 I 

TOTAL DOS 

.60 .60 1.00 l.zo MO 
ENERGY IRydbergr) 

FIG. 2. The calculated DOS for Zr,Al, the vertical 
line at 0.52 Ry indicates the Fermi energy. 

The charge densities within each muffin- 
tin sphere within the energy intervals 0 5 E 
I 0.22 Ry and 0.22 < E I EF (see below) 
were obtained from the expression 

p(r) = T PLWYLW. 

The only nonvanishing elements of pL for 
the expansion of the charge density occur 
for (l,m) = (O,O), (2,0), (4,0), and (4,3) at the 
Zr(1) site (D3d symmetry), for (O,O), (2,0), 
(4,0), and (3,3) at the Zr(2) site (D3h symme- 
try), and for (0,O) and (2,0) for the Al site 
(also D3h symmetry). The nonvanishing ele- 
ments were constructed in accordance with 

m(r) = 

where Zi,L2, the Gaunt coefficient, is given 
by 

ZL L1L* = PE!I,YL*E~~. 

Results 

The total DOS Zr2Al is shown in Fig. 2. 
The states below the Fermi energy are con- 
sidered in two ranges: the range between 0 
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FIG. 3. The f-decomposed DOS for Zr(l) (large open FIG. 4. The I-decomposed DOS for Zr(2) (large 
circles of Fig. 1). shaded circles of Fig. 1). 
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FIG. 5. The I-decomposed DOS for Al (small shaded 
circles of Fig. 1). 

The Al (1 = 0)-type states are concentrated 
in the VB region and the Al (I = 1)-type 
states are concentrated in the CB region. 

Electron densities (q*T) were calculated 
as functions of position and evaluated at the 
surfaces of the muffin-tin spheres. These 
electron densities have been graphed in se- 
lected planes using polar coordinates. Fig- 
ure 6 shows the trace of the VB muffin-tin 
sphere-surface density in the xy plane for 
Zr(2). The directions for the orthogonal co- 
ordinates, x, y, and z, are those of the 
orthorhombic cell (the so-called orthohex- 
agonal cell) as shown in Fig. 1, and the ori- 
gin is the same as that for the hexagonal 
cell. The information concerning the muf- 
fin-tin sphere and the plane of intersection 
for Figs. 7-10 is given in Table II. The as- 
phericities of the electron densities are 
taken as evidence of the directional interac- 
tions. Taken in total Figs. 6-10 show that 
the VB states centered upon Zr generally 

2’3 xy plane 
OeEc0.22 Ryd 

/ t Al 

and 0.22 Ry and at higher energies but be- 
low EF. Those states in the 0 to 0.22 Ry 
interval will be called valence band (VB) 
states, and the occupied states at higher en- 
ergies will be called conduction band (CB) 
states. 

The total DOS is decomposed into par- 
tial, angular-momentum labeled DOS 
curves which are shown for Zr(1) (Fig. 3), 
Zr(2) (Fig. 4), and Al (Fig. 5). The Zr (1= 0, 
1, and 2)-type states are distributed over 

+ 4.8 

f5.2 

$6.4 x lO-3 e+" 

L I I 
I” 

both VB and CB regions with the principal 
contribution to the states in the CB region 

FIG. 6. The calculated electron density on the inter- 
section of the Zr(2) muffin-tin sphere with the z = a 

being made by the Zr (1 = 2)-type states. plane, VB states only. 
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FIG. 7. The calculated electron density on the inter- 
section of the Zr(l) muffin-tin sphere with the y = 0 
plane, VB states only. 

contribute to direct Zr-Al interactions 
(show pronounced maxima along the Zr to 
Al vectors) and do not contribute to direct 
Zr-Zr interactions (show minima along the 
Zr to Zr vectors). On the other hand, the 
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FIG. 8. The calculated electron density on the inter- 
section of the Zr(2) muffin-tin sphere with the y = 0 
plane, CB states only. 

Zrs xy plane 
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FIG. 9. The calculated electron density on the inter- 
section of the Zr(2) muffin-tin sphere with the z = f 
plane, CB states only. 

opposite is true for the CB states, namely 
the Zr-centered states in the CB region 
(principally d type) contribute significantly 
to Zr-Zr interactions and negligibly to Zr- 
Al interactions. 

Special attention is called to the fact that 
the contribution of states centered upon Al 
to the VB is principally from Al s-type 
states (Fig. 5) and thus that the contribution 
of Al-centered states to the VB is nondirec- 
tional. In fact, the overall contribution of Al 
centered states is not significantly direc- 

TABLE II 

ELECTRON DENSITIES AT THE INTERSECTION OF THE 
MUFFIN-TIN SPHERES WITH PLANES FOR STATES IN 

THE CB AND VB REGIONS 

Energy region Plane 

VB xy 
VB xz 
CB xz 
CB XY 
CB xz 

Atom Figure 

Zr(2) 6 
Zr(l) 7 
WV 8 
Zr(2) 9 
Zr(l) 10 



CHEMICAL BONDING IN Zr2Al 303 
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FIG. 10. The calculated electron density on the inter- 
section of the Zr(1) muffin-tin sphere with the y = 0 
plane, CB states only. 

tional character, for the total electron den- 
sities at the Al muffin-tin sphere boundary 
were found to deviate negligibly from 
spherical symmetry. 

Conclusions 

The bonding in ZrzAl is thus seen to con- 
sist of two principal parts, a VB part peak- 
ing at about 0.34 Ry (4.6 eV) below EF 
which has a major contribution from the Al 
s-type orbitals, and a CB part which falls 
between EF and EF - 0.24 Ry (3.3 eV) and 
consists primarily of Zr d-type orbitals. The 
interaction between the s-type orbitals on 
the main-group element and transition- 
metal-centered orbitals in the VB region is 
a result that is significantly different from 
that previously obtained for sulfides, as is 
discussed further below. 

The calculation of numbers of electrons 
within the Wigner-Seitz spheres permits 

the breakdown given in Table III. The 
Wigner-Seitz spheres are defined so that 
the total volume of the spheres within a unit 
cell is equal to the volume of the unit cell. 
Since the Al p-type contribution falls al- 
most entirely within the CB region, and 
since in this region the electron densities 
centered on Zr( 1) and Zr(2) are directed so as 
to evade the Al positions, it is concluded 
that the Al-centered p-type states are prin- 
cipally non- or antibonding in ZrzAl. 

Furthermore, the Al-Al distances in 
Zr2Al are all greater than 409.5 pm (7.74 
au), a distance that precludes substantial 
Al-Al interaction. For example, the Paul- 
ing bond order for the shortest Al-Al dis- 
tance is 0.002. These facts, together with 
the large Zr d-type DOS at Er demonstrates 
that the metallic character of ZrzAl derives 
principally from Zr d-type states. The 
results reported here may be compared 
with those previously obtained for ZrS in 
the WC- and NaCl-type structures (5). In 
the sulfide cases the VB (defined similarly 
to that defined here) states are principally 
sulfur p-type and the CB states are princi- 
pally Zr d-type. The major differences, 
then, between ZrzAl and ZrS lie in the na- 
ture of the “nonmetal” contributions to the 
VB (s-type in ZrzAl and p-type in ZrS) and 
in the contribution of non- or antibonding 
states to the CB. In the case of ZrzAl the Al 
p-type electrons are principally nonbond- 
ing, since 83.5% of the ca. 1.3 p-type states 
centered on Al fall in the CB region. 

Comparison with the results of the calcu- 
lation for TiS and VS in the NiAs-type 
structure is of interest. In these NiAs-type 

TABLE III 

STATE TYPE IN THE VB AND CB REGIONS AS 
PERCENTAGES 

VB 
CB 

Al-S Al-p 

45.4 11.6 
0.80 12.2 

Zr-s Zr-p Zr-d 

15.4 12.4 15.2 
9.1 11.5 66.4 
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solids, as in ZrS, the sulfur s-type states fall 
about 1 Ry (13.6 eV) below EF in a region to 
which the transition-metal atoms make 
very small contributions, and the VB re- 
gion at about 0.4 Ry (5.4 eV) below EF is 
made up principally of sulfur p-type states. 
Thus, a major influence upon the difference 
between the sulfides and aluminides of the 
early transition metal is seen to be, as ex- 
pected, the difference in the electronegativ- 
ities of the main-group elements which has 
the effect of raising the Al s- and p-type 
orbitals relative to those of sulfur, thereby 
resulting in differing valence interactions. 
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